In this paper, n-dimensional (n = 4p, p is a positive integer) f (R)-AdS black holes is divided into Schwazschild-AdS (SAdS) like ones and Reissner-Nordström-AdS (RN-AdS) like ones. Thermodynamical stability of them in grand canonical ensemble is investigated. Locally, we find that the RN-AdS like f (R) black holes will experience either type-one or type-two phase transitions from unstable states to stable states, whereas there are only type-two phase transitions between that two states for SAdS like f (R) black holes. Globally, we find that there are type-one Hawking-Page like phase transitions between thermal AdS state and f (R) black holes. Using thermodynamical geometry method, we find that thermodynamical extrinsic curvature can only provide accurate stability information near type-two (not type-one) phase transition points for f (R) black holes in grand canonical ensemble.
I. INTRODUCTION
The investigation of anti-de Sitter black holes is mainly derived from string theory, which incorporates black holes as soliton D-branes, or branes as higherdimensional progenitors [1, 2] . Black hole thermodynamics in AdS spacetime has attracted lots of attentions [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Hawking and Page found that there is a phase transition between SAdS black hole and thermal gas in AdS state [15] . Due to AdS/CFT correspondence, which relates quantum gravity in AdS spacetime with a conformal field theory at the lower dimensional boundary of AdS, Hawking-Page phase transition is also interpreted as confinement/deconfinement phase transition of the dual gauge field theory [16] . Thermodynamics of RNAdS black hole in both canonical ensemble and grand canonical ensemble is studied and a first-order phase transition between small and large black holes was found [3, 4] . It is found that phase transition of AdS black hole in canonical ensemble is similar to Van der Waals liquid/gas transitions [5] .
f (R) gravity, where the Lagrangian density is an arbitrary function of curvature scalar R, is a valuable modification to general relativity [17] . The study of f (R) black holes is meaningful at least for two reasons. Firstly, the thermodynamics of f (R)-AdS black holes can give rise to an interesting description and a better understanding of AdS/CFT correspondence. Secondly, the applications of f (R) gravity in cosmology are substantial. For example, the model with f (R) = αR 2 (α > 0) can lead to accelerated expansion of the Universe [18] .
Although it was shown that the laws of black holes are universal, the properties of black holes are dimension dependent [19] as well as ensemble dependent [20] . As not much is known about the thermodynamical stability of f (R)-AdS black holes in grand canonical ensemble, which is defined by coupling the system to energy and charge reserviors at fixed temperature T and potential Φ, we * mingzhang@mail.bnu.edu.cn aim to fill this gap. It is worth mentioning that related meaningful investigations on thermodynamical stability of AdS black holes can be seen in Refs. [21] [22] [23] [24] [25] [26] [27] .
The layout of this paper is as follows. In Sec. II, we will briefly present an n-dimensional charged black hole solution with constant curvature in f (R) gravity. In Sec. III, we will investigate the thermodynamical stability of f (R)-AdS black holes locally and globally. In Sec. IV, thermodynamical extrinsic curvature are used to study the thermodynamical stability of the f (R)-AdS black holes. Conclusions will be drawn in Sec. IV.
II. REVIEW OF n-DIMENSIONAL f (R) BLACK HOLES
Specific range of the advanced physics theories require existence of the higher dimensional gravity. The action for f (R) gravity with Maxwell term in n-dimensional spacetime reads
where F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field tensor and the integer p is the power of traceless conformally invariant Maxwell field, R is the scalar curvature, f (R) is an arbitrary function of R. A static spherically symmetric solution of the corresponding equations of motion has been obtained in Ref. [28] for a constant scalar curvature R = R 0 as
where
Here M, Q and dΩ 2 n−2 denote the ADM mass, electric charge, and the metric of a unit (n − 2)-dimensional sphere, respectively. Ω n−2 = 2π (n−1)/2 Γ((n−1)/2) is the volume of an (n − 2)-dimensional sphere. The spacetime described by this metric becomes asymptotically AdS when R 0 = −n(n − 1)/l 2 < 0. We will study f (R)-AdS black holes hereinafter. The mass, Hawking temperature, entropy, electric potential can be derived as [28] 
with r + denotes the outer event horizon. The temperature in Eq. (5) is obtained by
and the electric potential is obtained by Noether charge method. The first law of thermodynamics is
is indeed satisfied as one can check that
As an extension of Maxwell action in arbitrary dimensions that is traceless and possesses the conformal invariance, one should notice that n = 4p, i.e., n = 4, 8, 12, · · · [28] . The real solutions only exist for specific dimensions which are multiples of four. Besides, one can see that the geometry of the f (R) black hole is similar to the SAdS black hole with a single horizon when p is even, because the second as well as the third terms of the right hand side of Eq. (3) become negative. In contrast, the geometry is similar to RN-AdS black hole with two horizons when p is odd, as the third term of the right hand side of Eq. (3) becomes positive, just like the corresponding RN-AdS counterpart. As a case study, we have plotted diagrams of mass M vs. horizon radius r + in terms of electric potential Φ in Fig. 1 for n = 4 and n = 8, which is shown in Appendix. We see from the figures that the mass of the RN-AdS like black hole is positive all the time; however, there exists a minimal horizon radius r M where the mass vanishes for the SAdS like black hole. When r + < r M , the black hole with negative mass is unphysical.
III. LOCAL AND GLOBAL STABILITY OF f (R)-ADS BLACK HOLES
A. Behavior of temperature
The Hawking temperature can be reexpressed as a function in terms of electric potential as
We can analyze the monotonicity of the temperature by its first-order derivative of r + which reads
We here analyze cases of n = 4 and n = 8. When n = 4, the equation
exists two real roots if Φ < b, such that there is a minimal value for temperature; otherwise, the temperature is monotonically increasing with r + . When n = 8, the equation
exists two real roots all the time, so there must exists one minimal temperature. In fact, we can get the result by analyzing the Eq. (11) directly. As we can see, when n = 8, all coefficients of r + are positive. When r + is small, the first and third term play the leading role, leading to the decreasing of the temperature with the increasing horizon; when r + is relatively large, the second term becomes to make effect, which leads to the increasing temperature following with the increasing horizon.
We have shown figures of temperature T vs. horizon radius r + in Fig. 2 for n = 4 and n = 8, corresponding to RN-AdS like and SAdS like f (R) black holes, respectively. It should be noticed that the temperature is monotonically increasing with r + for 4-dimensional RNAdS like f (R) black hole with Φ > b. In this context, there exists a minimal horizon radius corresponding to an extremal black hole where the Hawking temperature vanishes.
B. Specific heat capacity, electrical permittivity and local stability
Mentioning the stability of a thermodynamical system, it is common to consider small fluctuations of state functions around equilibrium, and since first-order terms vanish, the stability is only a statement about second-order variations. In the grand canonical ensemble, an equivalent manner of studying the local stability can be done by analyzing the heat capacity C Φ at constant electric potential and the electrical permittivity T at constant temperature. The black hole will be thermally or electrically unstable under fluctuations if the heat capacity or electrical permittivity is negative. The local stability of a system will be ensured only if there exists a range of horizon radius for which the quantities C Φ and T are both positive. In another way, the nonstable black holes may undergo a phase transition to be stabilized. The phase transition points are those which make the heat capacity and electrical permittivity vanish or diverge. Phase transitions at the vanishing points (roots of heat capacity) belong to type-one type. Parallelly, phase transitions at divergent points belong to type-two type.
The specific heat at constant electric potential for f (R) black holes can be derived as
The electrical permittivity at constant temperature is
To complete the calculation, we rewrite each factor of the above formula as
Combining Eqs. (14)- (16), the electrical permittivity can be calculated as
As a case study, we plot figures of specific heat capacities vs. horizon radius in Fig. 3 and electrical permittivity vs. horizon radius in Fig. 4 for 4-dimensional RN-AdS like and 8-dimensional SAdS like f (R) black holes.
Behaviors of specific heat and electrical permittivity, as can be seen in the figures, depend on the electrical potential for 4-dimensional RN-AdS like f (R) black holes. Firstly, we inspect the local stability in condition of relatively smaller electrical potential (Φ = 1 < b). In the range of r + < r T 4 = 0.430(r T 4 is the turning point in Fig.  2 ), both the heat capacity and electrical permittivity of the physical black hole (with positive mass and temperature) are negative, which manifests that the black holes are locally unstable. On the other hand, if r + > r T 4 , both the heat capacity and electrical permittivity are positive. It means that the physical black holes with the horizon radius in this range are thermodynamically stable. One can see that the denominators of both the heat capacity and electrical permittivity vanish at r + = r T 4 . Specific heat C Φ and electrical permittivity T diverges at r + = r T 4 . Besides, the signs of C Φ and T are flipped at r + = r T 4 . Radical change in the thermodynamical local stability of the system takes place at the divergent point.
The f (R) black holes undergo type-two phase transitions. Then we observe the local stability in condition of relatively larger electrical potential (Φ = 3 > b). We see from the figures that the electrical permittivity is positive all the time, telling us that the black hole is electrically stable all the time. However, we see that if r + < r T 4 , the heat capacity is negative, corresponding to a locally unstable black hole; on the other hand, if r + > r T 4 , the heat capacity is positive, corresponding to a locally stable black hole. The black hole experience a phase transition at the point r + = r T 4 . Different from the case previously mentioned, the phase transition here belongs to type-one type, as the heat capacity vanishes rather than diverges at the phase transition point.
For 8-dimensional Schwarzschild-AdS like f (R) black holes, the behaviors of specific heat and electric permittivity is similar to that of 4-dimensional RN-AdS like f (R) black holes with relatively smaller electrical potential. Both the heat capacity and electrical permittivity of the unphysical black hole (with negative mass) are negative if r + < r T 8 , indicating that the black hole is locally unstable. Both the heat capacity and electrical permittivity of the black hole are positive if r T 8 < r + < r , where r is defined as the value which makes the electrical permittivity vanish, i.e., (r ) = 0, indicating that the black hole is locally stable. It should be noticed that just the black hole with horizon radius r T 8 < r M < r + < r is physical. In fact, whatever the value of electric potential Φ is, we find that the SAdS like black hole will experience a type-two phase transition from unstable state to stable state with increasing horizon radius r + .
C. Gibbs free energy and global stability
The Gibbs free energy is an appropriate state function to compare configurations in the grand canonical ensemble. Global stability of black holes can be understood by studying the corresponding Gibbs free energy. The Gibbs free energy for the f (R) black hole in the grand canonical ensemble is
As a case study, we show figures of Gibbs free energy vs. temperature in Fig. 5 for 4-dimensional RN-AdS like and 8-dimensional SAdS like f (R) black holes.
Firstly, we study the global stability for 4-dimensional RN-AdS like f (R) black holes in condition of relatively smaller electrical potential (Φ = 1 < b). When T < T min , no black hole exists, the thermal AdS state is thermodynamically preferred. When T > T min , there are two branches of black holes, meeting at a cusp like point. The upper branch corresponds to a small black hole with negative specific heat, which are thermodynamically unstable. The lower branch corresponds to a larger black hole, which are thermodynamically stable. However, beyond the points T = T H , the Gibbs free energy of both the branches are positive. Hence the thermal AdS states are globally preferred. For the temperature T > T L , the larger black hole are thermodynamically preferred over thermal AdS state since it has smaller free energy than thermal AdS state. It is obvious that the type-one Hawking-Page like phase transition between large black hole and thermal AdS space occurs at T = T H .
In comparison, the behavior of Gibbs free energy is drastically different for 4-dimensional RN-AdS like f (R) black holes with relatviely larger electrical potential (Φ = 3 > b). The Gibbs free energy is a negative decreasing function, hence the black hole configurations are more likely than the thermal AdS background.
For 8-dimensional SAdS like f (R) black holes, the behaviors of Gibbs free energy is similar to that of 4-dimensional RN-AdS like ones with relatively smaller electrical potential (Φ < b). For the temperature T < T H , the thermal AdS states are globally preferred; for the temperature T > T H , the larger black hole branch is globally preferred. A Hawking-Page like phase transition occurs at T = T H .
IV. THERMODYNAMICAL EXTRINSIC CURVATURE AND STABILITY OF f (R)-ADS BLACK HOLES
We now study thermodynamics for f (R) black holes in the grand canonical ensemble using Quevedo geometry [29] . After defining a potentialM = M −QΦ, we then introduce a 5-dimensional phase space T with coordinates M , S, T, Q, Φ, a contact 1-form Θ = dM − T dS + QdΦ which satisfies the condition Θ ∧ (dΘ) 3 = 0, and a Legendre invariant metric
the introduced metric
determines all the geometric properties of the equilibrium space E. In the above expression, we have used the Euler identity to simplify the form of the conformal factor. It is a matter of calculation to obtain the intrinsic Riemann scalar curvature
where R(r + , Φ) is a polynomial without any singularity. The thermodynamical extrinsic curvature is raised in Ref. [30] which shows that intrinsic curvature scalar can only reflect phase transition points of the black hole whereas extrinsic curvature scalar can not only reflect the phase transition points, but also the thermodynamic stability of the black hole, as the extrinsic curvature scalar shares the same signs near the phase transition points with the specific heat, which does not happen for the intrinsic curvature scalar [31, 32] . We have noticed that the result about the comparative advantage of the extrinsic curvature scalar on the judgement of the thermodynamic stability near the phase transition point is obtained only in the canonical ensemble, where the electric charge of the black hole is keeped unchanged. What about the result when we change to the grand canonical ensemble, where the electric potential is constant? There is however no investigation on this subject so far. So we will clarify this for f (R)-AdS black holes. We here restrict ourselves to live on a constant Φ hypersurface with a normalized normal covector
where Ψ = Φ−Const. Then the extrinsic curvature is
where g = det(g ab ), h ab is the corresponding induced metric and
Then we obtain the extrinsic curvature of f (R) black holes
For 4-dimensional RN-AdS like f (R) black holes, the thermodynamical extrinsic curvature reads
for 8-dimensional SAdS like f (R) black holes, the thermodynamical extrinsic curvature is
As a case study, we show figures of intrinsic Riemann scalar curvature and extrinsic curvature vs. horizon radii in Fig. 6 and Fig. 7 . One can see from the figures that both the intrinsic curvature and extrinsic curvature are divergent just at the points where type-one and type-two phase transition take place. We see that in our example, on the one hand, for 4-dimensional RN-AdS like f (R) black holes with relatively smaller electric potential (Φ = 1 < b), or the 8-dimensional SAdS like f (R) black holes with any electric potential, the specific heats are divergent just at the type-two phase transition points. On the other hand, for 4-dimensional RN-AdS like f (R) black holes with relatively larger electric potential (Φ = 3 > b), the specific heat is vanishing at the type-one phase transition point. Comparing the figures, we find that the intrinsic curvature cannot reflect any information of stability near the phase transition points. In contrast, though the extrinsic curvature does not possess the same sign as the specific heat around the type-one phase transition point, it has the same sign as the specific heat capacity around the type-two phase transition points. Namely, the extrinsic curvatures can give us information of local stability for f (R) black holes which undergo local type-two phase transitions in the grand canonical ensemble.
V. CONCLUSION
n-dimensional f (R)-AdS black holes can be divided into RN-AdS like ones (such as n=4) and SAdS like ones (such as n=8). In this paper, we have studied the local and global thermodynamical stability for n−dimensional f (R)-AdS black holes in the grand canonical ensemble. Thermodynamical quantities such as specific heat capacities at constant electric potential, electric permittivity at constant temperature and Gibbs free energy have been calculated and analyzed.
For the RN-AdS like f (R) black holes, the value of electric potential have great effects on its thermodynamical stability. There exists a critical value Φ * for electric potential Φ (For example, when n=4, Φ * = b), when Φ < Φ * , the black holes possess minimal temperature, locally experience type-two phase transitions from unstable state to stable state and globally undergo Hawking-Page like phase transitions from thermal AdS states to larger black holes. When Φ > Φ * , the temperature of the black holes will increase monotonically with increasing horizon radius. Correspondingly, the black holes locally experience type-one phase transitions from unstable state to stable state locally and the black hole configurations are thermodynamically preferred rather than the thermal AdS states all the time globally.
For the SAdS like f (R) black holes, the value of electric potential has no effects on its thermodynamical stability. On the one hand, the black holes will change from locally unstable states to stable states through a type-two phase transition, for any values of electrical potential. On the other hand, the Gibbs free energy is a negative decreasing function which results in the black hole configurations being globally more likely than the thermal AdS background.
Employing thermodynamical geometry method, we also find that the intrinsic Riemann scalar curvature cannot give any information of stability for f (R) black holes in grand canonical ensemble while the extrinsic curvature can give exact information of stability near the type-two phase transition points ( not the type-one phase transition points). This is a necessary supplementary of Ref. [30] , where the extrinsic curvature was shown to give exact information of stability near phase transition points in the canonical ensemble.
Our work provide a relatively comprehensive analyze of thermodynamical stability for f (R)-AdS black holes in the grand canonical ensemble and clarify the thermodynamical extrinsic curvature's function on judgement of thermodynamical stability, that is, thermodynamical extrinsic curvature can only provide information of stability of AdS black holes near the type-two phase transition points.
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